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Abstract 
We explore a problem of Frankl (1989). A family ~ of subsets of {1, 2, . . . ,  m} is said 
to have trace Kk i f  there is a subset SC_{1,2 . . . . .  m} with IS] = k so that {FNSIF  C .~} 
yields all 2 k possible subsets. Frankl (1989) conjectured that a family ~ which is an antichain 
(in poser given by C_ order) and has no trace Kk has maximum size (k~l) for m > 2k - 4 
and we verify this for k = 4 by finding the extremal families for k = 2, 3. We are attempting 
to bring together Spemer's theorem and the results of Vapnik and Chervonenkis (1971), Sauer 
(1972), Perles and Shelah (1972). We also consider the function f(m, k, l), whose value was 
conjectured by Frankl (1989), which is the maximum size of ,~- with no trace equal to Kk and 
no chain of size l + 1. We compute f (m,k,k - 1) and for f (m,k,k)  provide an unexpected 
construction for extremal families achieving the bound. 
1. Introduction 
A useful set notation is [m] = {1,2 . . . . .  m} so that 2 [m] is the power set of  [m] 
and ([~l) is the set o f  k-subsets of  [m]. A family ~ C_ 2 [m] is an antichain when 
A,B C ~ neither A C_ B nor B C A. The fol lowing famous result gives the extremal 
property. 
Theorem 1.1 (Sperner [7]). Let ~¢ be an antichain in 2["]. Then 
m 
(1.1 I 
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Equality holds if and only if 
d = {[m])  ~[mm]'~ (1.2) 
\1-~17 or \ L~/ J  
We say a family of sets ~-C_ 2 Ira] has a trace Kk if there is a set S C_[m] with 
IS I = k so that I{F n S I F ~ ~}1 = 2k. Another fundamental extremal result is the 
following. 
Theorem 1.2 (Vapnik and Chervonenkis [8], Sauer [5], Perles and Shelah [6]). Let 
C_ 2 [m] have no trace Kk. Then 
( m ) ( rn ) (O)  
I~1~< k -1  + k -2  + ' "  + " (1.3) 
This bound can be seen to be exact in that we can form a set system of sets of 
k -  1 or fewer elements to achieve equality in (1.3). 
Define a matrix to be simple if it is a (0, 1)-matrix with no repeated columns. There 
is a natural correspondence b tween an ~ E 2 Ira] and a simple m x I~1 matrix A = (aij) 
given by aij = 1 if and only if i C jth set of ~ .  We will shift between these two 
views of the same object during this paper. We use the notation IAI to denote the 
number of columns of A and hence I~1, It is useful to allow a matrix to have 0 
columns. The trace idea translates easily and refers to a submatrix which is a row and 
column permutation of a given matrix. For example, trace Kk is equivalent to a k x 2 k 
submatrix with all possible columns of length k. This is also called configuration Kk. 
The matrix notation is often convenient. For example, for any k x 1 (0, 1)-column ct, 
the matrix of all columns with no submatrix e also achieves the bound (1.3) (Theorem 
2.4 [1]). There are many other examples achieving equality, e.g. see [3]. Frankl posed 
the following problem. 
Conjecture 1.3 (Frankl [3]). Let ~ C_ 2 [m] be an antichain with no trace Kk and m >~ 2k 
Then 
[~,~< (k in 1). (1.4) 
As a partial answer, Frankl [3] proved the following which handles the cases 
k =2,3.  
Theorem 1.4. Let ~ C_ 2['1 be an antichain with no trace Kk and m >~ 2k - 2. Then 
(m) 
I~1~ ~ k -  1 -  3i " 
0~<i<k/3 
(1.5) 
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We are able to establish the conjecture for k = 4 in Section 2 by establishing that 
equality is achieved in (1.4) for k = 2,3 and rn>~2k - 2 if and only if 
Y= (k [m] l )o r  (m-k+l[m]) .  (1.6) 
Recall that a chain of size p in 2 [m] is a sequence A1, A2 . . . . .  Ap of subsets of [m] 
with A1 C_A2 C . . .QAp.  We let f (m,k , l )  denote the maximum number of subsets of 
[m] with no trace Kk and no chain of size l + 1. This was introduced by Frankl [3] in 
the following conjecture. 
Conjecture 1.5 (Frankl [3]). Assume m + l>~2k. Then 
(m) (m) (m) 
f(m,k,l)<~ k -1  + k -2  + ' "+ k - l  " (1.7) 
For l>~k we easily deduce f (m,k , l )  from the bound (1.3). The following lemma 
was found by Israel [4] which extends the argument in [3]. 
Lemma 1.6. 
f (m,k , l )< . f (m-  1 ,k -  l , l -  1)÷ f (m-  1,k,2/). (1.8) 
Proof. Let A be a simple matrix of m rows with no configuration Kk and no chain of 
size l + 1. Decompose A as follows in the standard way 
[00 . . .0  11 . . .1 ]  (1.9) 
A = [ B1B2 B2B3 ' 
where B2 consists of those columns that are repeated when the first row of A is 
removed. We see that [B1B2B3] is simple and has no Kk. Also it cannot have a chain 
of length 2l + 1 since either [B1B2] or [B2B3] will have a chain of length l + 1 
contradicting our choice of A. Thus, [BIB2B3] has at most f (m-  1, k, 2l) columns. 
We see that B2 has no chain of length l since that yields a chain of length l + 1 in A. 
Also B2 has no Kk-i since 
Kk= [00 . . .0  11 . . .1 ]  
Kk-1 Kk-i " (1.10) 
Thus B2 has at most f (m-  1 ,k -  1, l -  1) columns and we obtain (1.8). [] 
Repeating (1.8) we get f (m,k ,  1) = f (m - 2,k - 1, 1) ÷ f (m - 2,k,4) but to prove 
Conjecture 1.3 (in view of Conjecture 1.5) we would like a 3 in place of 4. A quick 
consequence of this lemma proves Conjecture 1.5 in one case. 
Theorem 1.7. We have 
(m) (m) (1) 
f (m,k ,k -1 )= k -1  ÷ k -  2 + ' "+ " (1.11) 
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Moreover, t f~C_2  [m] has 1o~1 = f (m,k ,k -1 ) ,  no trace Kk and no chain of length 
k then 
or the (0, 1)-complement. 
Proof. Let A be the matrix associated with .~. Use the standard decomposition of 
(1.9) and note that the argument of Lemma 1.6 yields 
] 'n -  1 m 
]B2 l<~(k - -~)+(k_3)+. . .+(m 1) 
1 ' 
] [B1B2B3] l<~(k - l )+(kS~)+'"+(mo1)  • 
(1.13) 
(1.14) 
Thus, the bound (1.11) follows and so an extremal family has equality in (1.13, 1.14). 
We may assume by induction on k and without loss of generality that 
( [m-1] )  ( [m-  11) ( [m-  1]) (1.15) 
B2=\k -Z J+\k -3 /  + ' ' '+  1 " 
But, then B3 has at most one column, the column of all O's since a column with 
number of l 's between 1 and k - 2 loses simplicity of A and any column of at least 
k - 1 l 's yields a chain of size k + 1 in A (k - 1 from B2 under O's and 1 from B2 
under l's and 1 from B3). By induction on m 
] [B ,B2] l<~(k~_ l )+(k -~)+. . .+(ml l ) ,  (1.16) 
and by equality in (1.14) we obtain [B3I = 1 and equality in (1.16). Thus, by induction, 
either 
- ( [m-  1] )  - 
[B1B2] = ( [k  I ] )+\  k -2  ] + '+ ([ma 1]) (1.17) 
([m-1]~ and B3 = ([moll) or the (0,1)-complement. The latter is impossible so B1 = ~ k-1 J 
and so A has the desired form. [] 
In Section 3, we see that the case of equality for f(m,k,k) behaves entirely 
differently. 
2. Extremal families for k = 2, 3 and conjecture proved for k = 4 
Theorem 2.1. Let ~ c 2 [m] be an antichain with no trace K2. Then 
[~]<<.m (2.1) 
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with equality if and only if 
Y= ( [7 ] )  or ( [m_] l ) .  (2.2) 
Proof. The result is true for m = 2, 3 using Theorem 1.1 alone. Now repeat he standard 
decomposition (1.9) for the second row but using the fact you have an antichain so 
that, for example, B2 = (3. Then 
I 
00. . .0  00 . . .0  l l . . .1  11 . . .1 ]  
A= 00. .  0 11 . . .1  00 . . .0  11 . . .1  . (2.3) 
C1 C2C3 C3C4 C5 
Now [CIC2C3C4C5] is simple and has no K2 and C3 is simple, an antichain and has 
no K1. Thus by induction 
'C'C~C3C4C5[ <~ ( m - 
[C3I~< 1. 
This yields the bound 
(2.4) and (2.5), so in 
must have C1 = (3 or 
may decompose A as 
00 . i -0  00 . . .0  
00 0 11 . - .  1 
A z ~. . .~  
77"' 7 E 
66--  6 ~. . .  
We have chosen D to 
m - 2)  
+ 0 = m - 1, (2.4) 
(2.5) 
of  (2.1) with equality if and only if we have equalities in both 
particular ]C3] = 1. Thus, to avoid/£2 in the first two rows we 
C5 = (3. Assume, without loss of  generality, that C5 = (3. We 
follows 
11 . . .1~ 
00 . - .0 |  
/3/3-- ~[  • (2.6) 
consist of  the rows of C1 containing a [01] (which forces e and 
/3 in order to avoid a/£2)  and then we choose E similarly and F is in the remaining 
rows. It is obtained from IC31 = 1 that ~ =/3. 
We allow matrices to have 0 rows in this decomposition, where D is ll x kl, E is 
12 × k2, F is 13 x k3 and each is simple, form an antichain and have no /(2. We note 
that ll + 12 + 13 = m -- 2 and kl +k2 +k3 = m. Using induction on (2.1), we deduce 
that two of  D,E,F are 0 x 1(!) and the remaining one is (m - 2) × (m - 2). 
Consider the case where F is (m - 2) × (m - 2), hence by (2.2) each row of F 
has a [01] and so 6 = e. Then, the two columns which are not from F form a chain 
in A, a contradiction. The same happens with E, so assume D is (m - 2) x (m - 2). 
([m--2]~ In the former case we Using induction and (2.2) we have that D = (Imp21) or ~ 3 I" 
quickly deduce that e (and/3) is all O's to avoid a chain of  two columns and so (2.2) 
holds for A. In the latter case we can assume m - 2 >~ 3 and so to avoid having a 1£2 
the vector e cannot have two O's but then a chain of  two columns will be formed, a 
contradiction. [] 
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Theorem 2.2. Let ~,~ C_ 2 In] be an antichain with no trace K3. Assume m >~ 3. Then 
with equality if and only if 
~= ( [2] )  or ( [m]2) .  (2.8, 
Proof. The result is true for m = 3, 4, 5 simply using Theorem 1.1. For m >~ 6 use 
the decomposition of (2.3). Now [C1C2C3C4C5] is simple and has no/£3. Also C3 is 
simple, an antichain, and has no/£2. Thus, by induction 
IC1C2C3C4C51<~(m; 2)
[C31<~(m72). 
+(m--2) l  + (m-2)0  ' (2.9) 
(2.10) 
This immediately yields the bound of (2.7) with equality if and only if we have equality 
in (2.9) and (2.10). By Theorem 2.1, C3 is ([,,~-2]) or the (0,1)-complement. Without 
loss of generality assume the former. Then, because A is an antichain, C2, C4 = 0. 
Also, C5 is either a column of O's or is empty. Now, C1 is simple, an antichain with 
no K3, and so by induction IC11~< (m22). In order to have equality in (2.9) we deduce 
ICll = (m~-2) and Ic51 = 1 so either C 1 = ([m221) or the complement and so C5 is a 
= ([m-2]~ yielding a K3 in rows 3, 4, 5 column of O's. Thus, C1 = ([m22]), the case C1 ~ 4/ 
for m-4  > 2. [] 
Theorem 2.3. Let ~ C_ 2 [m] be an antichain with no trace K4. Assume m >>. 5. Then 
Proof. The result is true for m = 5, 6, 7 using Theorem 1.1 alone. Assume, m >/8 
and let A be the matrix associated with ~.  Use the decomposition of (2.3). Now, 
[CZC2C3C4C5] is simple and has no K3. Also, C3 is simple, an antichain, and has no 
/£2. Thus, by induction 
o ' 
If the inequality in (2.13) is strict then the inequality (2.11) holds as desired. So, 
assume (2.13) holds with equality. Then, by Theorem 2.2, without loss of generality 
we may assume C3 = (21). Since, A is an antichain, C2 = 0 and Ca = O. Also, C5 
is an antichain contained i n  ([m?2])IJ ([mo23) and hence 161-< (7). Similarly, C, is an 
antichain with no K4 and so by induction ICily< (m32). But, now (2.11) follows. [] 
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3. A surprising construction 
In contrast o the previous results which tend to support he conjecture, the following 
result perhaps casts doubt on the conjecture. 
Theorem 3.1. Let m,k,t be given satisfyin9 t÷ k -  1 <~m and k >>-1. There exists an 
m × f (m,k ,k )  simple matrix A(m,k,t) with no configuration Kk and column sums 
t, t + l, t + 2 . . . . .  t + k - 1 (hence no chain of size k + l ). 
Proof. We use induction on m with the additional hypothesis for k>~2, t~> 1 that 
A(m,k -  1 , t )CA(m,k , t -  1). (3.1) 
We use the base cases 
A(m,k,O)= (k[m]x) U(k [m]2)U . . .U( [O] )  fork~>2, (3.2) 
A(m, 1,t) = Om-t ' 
where ap is the vector of  p a's. We can easily handle the case m = 1 since either 
k = 1 or t = 0. The inductive construction for k i> 2 and t/> 1 is 
[ 1 , . . .1  00 . . .0  ] 
A(m,k,t) = A(m-  1 ,k , t -  1) A(m-  1 ,k -  1,t) " (3.4) 
Note that k + ( t -  1) = (k -  1 )+ t<~m. Now, consider m > 1. By construction (3.4), 
A(m,k,t) has f (m-  1 ,k ,k )+f (m-  1 ,k -  1 ,k -  1) = f (m,k ,k )  columns and is simple 
with column sums t, t + 1 . . . . .  t + k -  1. I f  A(m, k, t) has a Kk using the first row then 
it must have a Kk-1 under the 0's in A(m-  1 ,k -  1,t), a contradiction. I fA(m,k, t )  
has a Kk not using the first row then, since A(m - 1,k - 1,t)C_A(m - 1 ,k , t -  1), we 
must have a Kk in A(m - 1, k, t - 1 ), a contradiction. 
To verify (3.1), first consider t = 1. Then, (3.2) ensures that A(m,k -  l, 1)C_A 
(m,k,O). For k = 2 note that 
[ 11 . . .1  00 . - .0  ] 
A(m,2, t )= A(m-  1,2, t - l )  A(m-  l , l , t )  
and 
11. . .1  ] 
A(m, l , t+ l )= A(m-  1,1,t) ' (3.5) 
We use induction to obtain A(m-  1,1,t)C_A(m- 1,2, t -  1), then (3.1) follows for 
k = 2. For k > 2 and t > 1 we use the inductive constructions fo rA(m,k -  1,t+ 
1 ), A(m, k, t). By induction, A(m - 1, k - 1, t) C_ A(m - 1, k, t - 1 ) and A(m - 1, k - 2, t+ 1 ) C 
A(m-  1 ,k -  1,t) so thatA(m,k -  1, t+ 1)C_A(m,k,t). [] 
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This parallels the inductive construction of Anstee and Murty [2] for matrices of 
the same size with no trace ([kt]). Its interest is in showing that matrices achiev- 
ing the bound for f(m,k,k) are hardly unique which is in considerable contrast to 
Theorems 1.1,2.1,2.2. 
An alternative construction follows from the tower 
A(p, 1,k) C A(p,2,k - I)  _c.. .  C_A(p,k, 1) (3.6) 
with p = m - k - t. Taking the (0,1)-complement of the tower with p replaced by 
k + t we get the tower 
B(k ÷ t, 1,t) C_B(k ÷ t,2,t) C. . .  C B(k ÷ t,k,t). (3.7) 
For an ml × nl matrix A1 and an m2 × n2 matrix A2 we use the notation 
A2 
(3.8) 
to denote the (ml ÷ m2) × (nln2) matrix obtained by pairing each column of A1 with 
each column of A2 Let K~ denote the matrix of (E~/) and let X~' denote the matrix 
of [,.J/k= t ([k]) We obtain a new construction achieving equality for f(m, 2k + 1,2k + 1 ) \ i l "  
where p = m - k - t as follows: 
KLt t  K t-1 
k+t 
[ × × 
x¢ ~ A(p,k, 1) 
× . . .  X 
A(p,k - 1,2) A(p, 1,k) 
B(k + t,k,t) B(k + t,k + 1,t) 
× × 
gpk+l Kk+2 
- -p  
B(k + t, 1,t ) ]  
• • • X 
2k Kp 
(3.9) 
It is easy to verify that the matrix is simple, has no Kzk+~ and column sums 
t, t + 1, . . . ,  t + 2k. The number of columns is 
k + i \ j=o 
2k 
=Z(7)  =f (m,  2k+l ,2k+l ) .  
i=0  
i=1 \ j=0  J 
(3.10) 
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